Entanglement in states of composite quantum systems is a manifestation of non-classical behavior of the systems. Can we quantitatively relate these two aspects, namely, entanglement and nonclassicality? Non-classicality is manifested in different ways, among which non-locality is of prime importance. Instead of comparing the amounts of entanglement and non-locality in a state of a composite system, we intend to compare here-in a dual picture-quantum channels which can break entanglement and those which can bring every state to a local one. In the absence of any useful necessary-sufficient condition for identifying a state to be local, we check here whether, upon the channel action, all the states satisfy any local-realistic inequality. We find that if a unital qubit channel, after acting on one of the qubits of a two-qubit maximally entangled state, brings it to a Bell-CHSH inequality non-violating state, then the channel does the similar job for all two-qubit states. Unfortunately such a feature is not universally true in the case of non-unital qubit channels, even though there are exceptions e.g., the amplitude damping channel.
It is to be noted that a quantitative relationship between entanglement (as quantified by the concurrence( [8] )) and non-locality of a state (as quantified by the maximal amount of Bell-Chsh inequality violation by that state) has been investigated for two-qubit states in ref. ([9] ). As entanglement is known to be non-increasing under LOCC (local operations and classical communication) , therefore the composition of any entanglement-breaking channel with any other channel must also be entanglement breaking. We here show that the composition of a qubit channel, that breaks the non-locality of a two-qubit maximally entangled state, with any other qubit channel also breaks the non-locality of the maximally entangled state.
The paper is organised as follows: In section II, we briefly discuss about parametrization of qubit channels, conditions for their complete positivity and entanglement breaking, violation of the Bell-CHSH inequality, and finally condition for non-locality breaking. In section III, we discuss about the satisfiability of the Bell-CHSH inequality by the twoqubit state arising out of the action of a qubit channel on one side of a maximally entangled two-qubit state. We show in section IV that maximally entangled two-qubit state is universal for testing the non-locality breaking character of an arbitrary unital qubit channel. In section V, we discuss about the non-locality breaking condition for a general non-unital qubit channel. We show numerically in section VI that a maximally entangled two-qubit state can not act universally for the non-locality breaking character of a general non-unital qubit channel. In section VII , we treat the case of amplitude damping qubit channel. We show in section VIII that the two-qubit maximally entangled state indeed works universally to testify the non-locality breaking feature of any given qubit channel provided we concentrate into those two-qubit initial states each of whose reduced density matrix for the free side (i.e, the side on which the channel is not acting ) is completely mixed. We draw the conclusion in section IX. The importance of eqn. (4) lies in the fact that the map $ is completely positive iff $ is so. Also as noted in [10] , the signs of any two of the λ i s of the diagonal matrix D can be changed by conjugating with a Pauli matrix. Thus, upto pre and post-processing by unitary maps, the most general qubit channel is given in the Bloch sphere representation by,
with t i and λ i being real ∀i. Notation: A unitary map acting on the state space by conjugation through a unitary U ∈ SU (2) will be denoted by U itself. An extension of the map acting on an enlarged state space through conjugation by the unitary I ⊗ U will be referred to as I ⊗ U (where I is an identity of suitable dimensions).
B. Complete positivity and entanglement-breaking conditions
The map in eqn. (4) is completely positive iff its action on one side of a maximally entangled state yields a valid density matrix ( [11] ) . We thus have for complete positivity of the map $ in eqn. (4),
|ii . From eqns. (6) and (5) we have,
or, in the Hilbert-Schmidt basis,
Again, as shown in [12] , $ is entanglement-breaking if and only if ρ $ is a separable state.
FIG. 1:
The tetrahedron represents the region for which a canonical unital map characterised by three real parameters λ1, λ2 and λ3 is completely positive . The inscribed octahedron represents the region for which it is entanglement-breaking
Geometry
For unital qubit channels (i.e., for channels for which t = 0 in eqn. (5)) the positivity of ρ $ in eqn. (7), restricts λ to lie in the tetrahedron governed by,
The entanglement-breaking unital qubit channels lie in the octahedron inside the tetrahedron [6] (see fig. 1 ) governed by,
For non-unital channels ( t = 0) the tetrahedron and octahedron are replaced respectively with rounded tetrahedron and rounded octahedron with infinitely many extreme points [6] . For a non-unital qubit channel $, to see explicitly the condition on λ i s and t j s in order that $ is completely positive and/or entanglement-breaking, see the references ( [10] ) and ( [6] ) .
C. Violation of Bell-CHSH inequality by two-qubit states
Consider the Hilbert space H = C 2 ⊗ C 2 . Any state on H can be represented using a Hilbert-Schmidt basis as follows:
Now, the Bell operator associated with the Bell-CHSH inequality [4] has the following general form :
whereâ,â ,b,b are unit vectors in R 3 . Then the Bell-CHSH inequality for ρ, following from the consideration of local hidden variable theory, is given by
The matrix U ρ := T T ρ T ρ is a symmetric one, and so it can be diagonalized. We denote the two greater (obviously non-negative) eigenvalues of U ρ by u andũ . Then we define the quantity
Theorem. Any two-qubit density matrix ρ violates inequality (14) for some operator of the form (13) (i.e,for some choice ofâ,â ,b andb ) iff M (ρ) > 1 .
For a proof of this theorem, see ref. [5] .
D. Non-locality breaking channel
A channel $ A , acting on qubit A, is said to be non-locality breaking, if acting on side A of any bipartite state ρ BA , it produces a state ρ BA = (I ⊗ $ A )(ρ BA ) which satisfies the Bell-CHSH inequality, i.e., we have
We would like to find out constraints on the channel parameters λ i s and t j s, using eqn. (16), so that the quantum channel $ A becomes non-locality breaking.
III. BREAKING NON-LOCALITY OF MAXIMALLY ENTANGLED STATES
It is known that the maximally entangled state ρ = |β β| violates the Bell-CHSH inequality (14) maximally. Also, as mentioned in the previous section for a channel to be entanglement-breaking it is sufficient to break the entanglement of a maximally entangled state. We would like to investigate if similar properties hold for non-locality breaking also.
Any qubit channel $ A on qubit A may be taken as U A • $ A • V A , where $ A is a qubit channel in the canonical form (5) and both U A and V A are single-qubit unitary channels. The most general maximally entangled state is given by (U ⊗V )(|β β|) with U and V being qubit unitary maps. Thus 
we would like to check if (I ⊗U
is local. Now, as (I ⊗ V )(|β β|) = (V T ⊗ I)(|β β|) and as (U ⊗ V )ρ local is a local state for any local state ρ local , we only need to check if (I ⊗ $ A )(|β β|) satisfies the Bell-CHSH inequality (14) .
γ,δ=0 N αβ;γδ σ γδ (for α, β = 0, 1) with the 4 × 4 matrix N , for the canonical form (5) of the channel $ A , being given by:
. Thus,
and h = (1 + λ 3 − t 3 ) . Now, calculating the T ρ matrix using eqn. (12) for ρ = (I ⊗ $ A )(|β β|) we find T ρ to be diagonal with,
So, we have t 11 = λ 1 , t 22 = −λ 2 , t 33 = λ 3 and thus the
So the non-locality breaking condition M ((I ⊗ $ A )(|β β|)) ≤ 1 takes the form :
assuming |λ 3 | ≤ min{|λ 1 |, |λ 2 |} . Eqn. (24) does not depend directly on the non-unital parameters t, but the complete positivity conditions for $ A would bring restrictions on λ depending on t (see, for example, [10] ).
IV. UNITAL CHANNELS, BREAKING NON-LOCALITY OF MAXIMALLY ENTANGLED STATES ARE UNIVERSALLY NON-LOCALITY BREAKING
In this section we show that unital qubit channels that break the non-locality of the maximally entangled state |β also break the non-locality of other states. In order to prove our result we will make use of the following lemma.
Lemma 1: Suppose A and B are positive definite 3 × 3 matrices. Let λ i (A) denote the i-th eigenvalue of A in the descending order and λ i (B) be that of B . Also let λ i (B) ≤ 1 and λ 1 (A) + λ 2 (A) ≤ 1. If Λ i denote the i -th eigenvalue of AB in descending order then we have,
Proof : According to Marshall and Olkin ( [13] ), for any n × n real matrices A, B : 
where the eigenvalues λ 1 , λ 2 ..., λ n of each matrix are arranged in the descending order. Hence it follows that,
Thus from eqn. (27) and eqn. (29) it follows that ,
. Let for λ ∈ [0, 1],
with the 2 × 2 unitary matrices U and V being given by: U |0 = |e 1 , V |0 = |f 1 , U |1 = |e 2 and V |1 = |f 2 .
Notation: In what followsŴ λ will stand for the map which acts on elements of the state space by conjugation through the operator W λ . Similarly,Ŵ 1 will stand for the map which acts on the state space by conjugation through the operator √ 2W λ .Ŵ λ ⊗ I andŴ 1 ⊗ I will respectively stand for the maps which acts on elements of an extended Hilbert space by conjugation through W λ ⊗ I and √ 2W λ ⊗ I.
A. Effect of W λ on the basis elements
We have from eqn. (31),Ŵ
and similarlyŴ
The representation ofŴ 1 in the {I, σ 1 , σ 2 , σ 3 } basis is thus given by,
Now we wish to check that if (I ⊗ $ A )(|β β|) is a local state, whether (I ⊗ $ A )(|φ(λ) φ(λ)|) is also a local state. We prove that this is true when $ A is unital. Now,
. Again using the fact that (I ⊗ V )(|β β|) = (V T ⊗ I)(|β β|) we have,
Now as local unitaries do not affect the property of Bell-inequality violation we only need to check if ((Ŵ 1 ⊗I)((V T ⊗ I)(I ⊗ $ A )(|β β|))) is a local state. As (I ⊗ $ A )(|β β|) ≡ ρ 1 is a local state , therefore the two highest eigenvalues Λ 1 and Λ 2 of the matrix T ρ1 T T ρ1 ( with ((T ρ1 ) jk = T r(ρ 1 (σ j ⊗ σ k )) must satisfy
The correlation matrix for (V T ⊗ I)((I ⊗ $ A )(|β β|)) ≡ ρ 1 being a rotated version of T ρ1 , the highest and the next to highest eigenvalues of T ρ1 T ρ1 T are same as Λ 1 and Λ 2 and satisfy eqn. (37) .
B. Effect ofŴ1 on ρ 1
In the Hilbert-Schmidt basis, let
n,m=1 t nm σ n ⊗σ m ). Here r = 0, as can be seen by tracing over the side on which $ A acts. Now, using eqns.(32)-(35) we have,
and
The other terms of ρ 1 do not contribute to the correlation matrix for (Ŵ 1 ⊗ I)(ρ). Let
. The correlation matrix for ρ 2 , given by t ij = T r(ρ 2 (σ i ⊗ σ j )), is thus,
Unital $A Let us now consider the case when $ A is unital. This implies that s = 0 in eqn. (41). So we have t = Dt with D = diag(2 λ(1 − λ), 2 λ(1 − λ), 1) and t being the correlation matrix for ρ 1 . Now to check for non-locality breaking we need to look at the sum of the two largest eigenvalues of t T t = t T D 2 t . This sum is same as the sum of the two largest eigenvalues of tt T D 2 . Now from eqn. (37) we know that the sum of two largest eigenvalues of t T t and hence of tt T is less than or equal to one. Let Λ 1 and Λ 2 be the two largest eigenvalues of tt T D 2 . Let A = tt T and B = D 2 . Now from Lemma 1 it follows that Λ 1 + Λ 2 ≤ 1. Hence, a unital channel, which breaks the non-locality of maximally entangled states also breaks the non-locality of other states.
In the next section we provide an alternative proof of this fact.
Geometry
Here we discuss the geometry of the set of all non-locality breaking qubit channels which are unital. As we saw in section (II B 1) the entanglement breaking channels form an octahedron inside the tetrahedron in the λ 1 , λ 2 , λ 3 space (see figure 1) . The non-locality breaking region is characterised in the λ 1 , λ 2 , λ 3 space by the convex set N = {λ 1 , λ 2 , λ 3 |(λ 1 , λ 2 , λ 3 ) ∈ C p and λ 2 i + λ 2 j ≤ 1∀i, j = 1, 2, 3.}, with C p being the tetrahedron corresponding to the complete-positivity region. This is depicted in figure 2 . As is clear from the definition, N does not have a finite no. of extreme points . As any entanglement breaking channel is also non-locality breaking , the region N contains the entanglement-breaking octahedron, as figure 3 shows. We have also computed the relative volume of the non-locality breaking region with respect to the completepositivity region. This has been done by generating random samples of points with coordinates λ 1 , λ 2 and λ 3 so that λ i ∈ [−1, 1], ∀i = 1, 2, 3. We have then chosen the points that satisfy the complete positivity conditions eqn. (9) ,i.e. those that lie inside the tetrahedron in fig. 1 . Among these, we have further chosen points that satisfy the non-locality breaking condition (i.e, lies in N in fig. 2 ) and computed the ratio w.r.t the points satisfying complete-positivity. This ratio turns out to be about 0.95. The relative volume for the entanglement breaking region is We thus show that almost any unital qubit channel is non-locality breaking, while there is a 50% chance that it is entanglement-breaking.
V. NON-LOCALITY BREAKING BY NON-UNITAL QUBIT CHANNELS
In the previous section we showed that unital qubit channels which break the nonlocality of maximally entangled states also do the same for other states. Here we produce an example to show that this is not always true for nonunital channels. However there are non-unital channels which are universally non-locality breaking. We show this where,
. In the last line of eqn. (44) we have also used that T r((
. This follows from the fact that (I ⊗ $ • V ) is a trace-preserving map.
Suppose now that $ is a non-locality breaking channel implying that (I ⊗ $)(|β β|) is a local state. ρ 1 is then also a local state. Thus the question here is whether the filtering operation by W λ can generate any non-locality in a state, locally unitarily connected to the local state ρ $ = (I ⊗ $)(|β β|) -the Choi-state given by eqn . (8) .
Alternative way to see universal non-locality breaking by unital channels: As shown in [10] any unital qubit channel $ ≡ U 1 • $ • U 2 with U 1 and U 2 being unitary maps and $ (ρ) = 3 i=0 p i σ i ρσ i , with σ 0 = I , ρ ∈ B(C 2 ),
In other words , for a unital qubit channel $, the Choi-state (I ⊗ $)(|β β|) is locally unitarily connected to the Bell-diagonal state (I ⊗ $ )(|β β|) . Now from theorem 3 of ( [9] ) it follows that , any local filtering action cannot increase the Bell-violation of (I ⊗ $)(|β β|) (the local unitaries can be seen as part of the filtering action). Hence if (I ⊗ $ )(|β β|) is local, then as it is Bell-diagonal, W λ will not be able to generate any non-locality in a state local unitarily connected to it and the channel $ will break the non-locality of all states.
Using the canonical form (5) for the qubit channel $, and thereby using eqn. (8) we get from eqn. (45) that,
.
. Note that the normalisation factor T r((
(44) is equal to 1 2 . The entries for the correlation matrix for ρ are given by: (48) has the same structure as T ρ2 in eqn. (41)) .
VI. CHOICE OF CHANNEL A. Complete positivity conditions
Now we have that $ is completely positive iff ρ $ given by eqn. (8), is positive. Referring to Theorem 1 of ([10] ) we see that for |t k | + |λ k | < 1 (a necessary condition for positivity of ρ $ with equality here), $ is CP iff the 2 × 2 matrix
is a contraction which means the largest singular value of K, s 1 (K) ≤ 1 ( [15] ). We thus have for the necessary and sufficient condition for complete-positivity of $ , the largest eigenvalue λ 1 (K † K) ≤ 1.
Channel Parameters
We choose the following channel parameters for a non-unital qubit channel of the canonical form (5),
The channel with the above parameters saturates the non-locality breaking condition given by eqn.(24). The eigenvalues of K † K are respectively 6.3422 × 10 −4 , 9.5765 × 10 −1 and hence the map is CP. This has also been checked in Mathematica to about 40 digits of precision. We need to check for M (ρ 2 ), i.e, the sum of two largest eigenvalues of T ρ2 T T ρ2 with T ρ2 being given by eqn. (41) and ρ 2 given by eqn. (40) .
Choice of λ and R
We choose λ = 0.4 (note λ = 0.5 corresponds to the maximally entangled state). Now, for any R ∈ SO(3) we can write it (using Euler angles) as
We choose α = 1.2, β = 1.4, γ = 3.5 ,i.e., resp. about 0.382π, 0.4456π and 1.11π . Thus clearly the channel does not break the non-locality of the state arising from the action of W λ V T ⊗ I on the maximally entangled state |β .
The value of M (ρ ) has also been checked in mathematica to about 40 digits of precision . Thus even though the non-unital qubit channel represented by the set of parameters in eqn. (50) breaks non-locality in the maximally entangled state |β , it cannot break non-locality in all the two-qubit states. And so, this channel is not universally non-locality breaking.
B. Non-locality breaking channels of the amplitude damping form break non-locality of all states
The vectors ( t and λ) of the amplitude-damping channel Φ (as defined in eqn. (5)) are given respectively by (0, 0, p) and ( (1 − p), (1 − p), (1 − p)) . Thus, the non-locality breaking condition , eqn. (24) for the amplitude-damping channels become (1 − p) + (1 − p) ≤ 1 or p ≥ 
. Now let t ij = T r(ρ 1 σ i ⊗ σ j ). So we have a diagonal correlation matrix T ρ1 = (t ij ) with t 11 = 2 λ(1 − λ)(1 − p) , t 22 = −2 λ(1 − λ)(1 − p) and t 33 = λ + (1 − λ)(1 − 2p) .Thus the condition M (ρ 1 ) = t Thus we see that if the amplitude damping channel Φ breaks the non-locality in the maximally entangled state |β , it then also breaks the non-locality in the state |φ(λ) = √ λ|00 + (1 − λ)|11 .
General case
Here we want to show that if (I ⊗ Φ)(|β β|) is a local state then (I ⊗ Φ)(ρ) is also a local state for all two qubit states ρ. In this section we use the notation introduced in section V. We thus wish to check if ρ given in eqn. (47) is a local state with the t , λ vectors being that of the amplitude damping channel.
For the amplitude-damping channel from eqn. (47) 
with α = 2 λ(1 − λ) .
